A computer code was developed to extend the method of Warnock and Ellison for integrating of the non-linear Vlasov-Fokker-Planck equation for bunched beams (The 2nd ICFA Advanced Accelerator Workshop on the Physics of High Brightness Beams, 1999). The code handles arbitrary radio-frequency potentials and high-Q impedances and is used to study instabilities in stretched bunches. This paper describes how high-Q resonant rf modes are incorporated into the code. A method by which this time-domain code is used to calculate beam response functions, which are response functions that include the beam acting back on itself through the ring impedance, is also described and applied to stretched bunches.
INTRODUCTION
Simulation of bunches in storage rings have been used to study the limiting behavior of instabilities. Most common is the simulation of instabilities driven by broadband impedance (short-range wakes) [l, 2, 31. Simulation of instabilities driven by high-Q impedances is also done [4] . The simulations assume that the bunches are evolving in a harmonic radio-frequency (rf) potential. These studies have shed considerable light on the limiting of these instabilities and on relaxation phenomena. These studies have also highlighted the limits of linearized treatments of coherent modes and frequencies in bunched beams [5, 6, 7] .
Two extensions of Warnock and Ellison's (W & E) [l]
methods for the integration of the Vlasov-Fokker-Planck (VFP) equation were developed, one that permits simulation with non-harmonic rf potentials for Landau damping and lifetime improvement [8, 91 and a second that permits the inclusion of high-Q resonances with their longrange wakes, as well as a broad-band impedance, in the ring impedance. Although the former is a significant ex- 
BEAM RESPONSE FUNCTIONS
A bunch's longitudinal response to an external excitation is determined by its response to the total field in the ring, termed the beam transfer function (BTF) [l 1, 121, and by the field the bunch induces in the ring that in turn acts back on the bunch. The induced field arises from the ring's longitudinal impedance. This response to an external excitation is here termed the beam response function (BRF) and is useful for measuring the environment of the bunch, i.e., the longitudinal impedance.
Codes that simulate bunches in the time domain have the potential for providing a means to compute the frequencydomain BRF of a bunch. In a linear system, a frequencydomain response function is the Fourier transform of an appropriately defined impulse response. A time-domain code can readily calculate impulse responses since the impulse response is the evolution of the bunch from the appropriate initial condition at some starting time. So the problem is to determine the initial condition in the function space and the Fourier transform appropriate to determine the frequencydomain response function of interest-in this case the BRF. This is the task of this section.
Both the pickup and kicker are assumed to be located in the ring at azimuthal angle 6 = 0. We first consider the evolution of transients and impulse responses in stable bunches. One applies a voltage V($; t ) to a bunch with the property that V goes to zero at t = -co. The co-moving coordinate 4 is related to t and 6 through 6 = wot + 4.
The initialhoundary condition is that Q is the stationary where the f dependence of p m g is suppressed. Since the system is linear and time independent, H , f is a convolution.
p m g ( t ) = d t ' H m f ( t -t ' ) g ( t ' ) (6)
J H is readily calculated for any given f with a timedomain simulation by specifying g ( t ) = 6(t) and simulating H , f (t) = 6 p m g ( t ) . The use of the delta function at t = 0 means that a non-zero initial condition at t = 0 that depends on f is specified for c 5 q and that the integration begins at t = 0. where VO is the peak voltage and t = 12' 0 picks up the slow, and q5 the fast, time dependence of the V ( t ) . Inserting Eq. (7) into Eq. (6), we get 6p,,-int
( t ) = (crnn(t) + iSmn(t)) o e-iRt (8)
where the o denotes convolution and the two functions C,, and Smn are defined corresponding to the two terms of ein@ = cos nq5+i sin nq5. Figure 1 shows an example of a beam response function calculated using the method described in this section. The impedance of the ring includes the main-and harmoniccavity accelerating-mode impedances with realistic detuning for beam-loading compensation. The peak with smaller offset is due to a dipole-like mode while the other peak is due to a quadrupole-like mode.
Each is calculated in a simulation providing g ( t ) = d(t). Equation 8 is readily Fourier transformed to

Smn .
Proceedings of the 200 1 Particle Accelerator Conference, Chicago and v h ( t ) has slow time dependence. This section quickly derives the discrete-time evolution of V h ( t ) .
The wake function for the rf mode is [ 151 where r h is the damping rate, C.C. denotes the complex conjugate of the preceding term, a h = w h + i r h , Ich = r h R h is the loss factor, R h is the impedance, a h = d w m , and code that tracks the particle distribution function in longitudinal phase s p a e under the influence of a broad-band impedance, was described to permit high-Q impedances to be included in the ring impedance. A method for calculating beam response functions, which are response functions that include the beam-induced voltages acting back on the bunch, was also described and demonstrated with a stretched bunch.
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